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ABSTRACT 

Assuming the equivalence of FRW-cosmological models and their Newtonian coun- 
terparts, we propose using the Gauss law in arbitrary dimension a general relation 
between the Newtonian gravitational constant G and the gravitational coupling con- 
stant K. 
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1 INTRODUCTION 

It is now a common belief among cosmologists and rela- 
tivists that although spacetime appears smooth, nearly flat, 
and four dimensional on large scales, at sufficiently small 
distances and early times, it is highly curved with all possi- 
ble topologies and of arbitrary dimensions. The initial idea 
of Kaluza-Klein has been extensively used in unified theo- 
ries of fun damental interactions; e.g. Green, Shwarz, & Wit- 
ten (1987). There the extra dimensions are assumed to be 
compactified to Planckian size, and therefore do not display 
themselves in macroscopic processes. The multidimensional 
cosmologies based on these ideas have b een extensively stud- 
i ed in the last ye ars [se e e.g. Cho (199C), Kirillov & Melnikov 
( |1995| ), Wesson ( |l992| )]. 

Usually in cosmological models based on higher dimensions 
the problem of the dimensionality of the gravitational cou- 
pling constant is not tackled on, being tacitly assumed to 
be 



8ttG, 



(1) 



where G is the Newtonian gravitational constant. This is of- 
course a relation being derived in four dimension. Even in 
some text books this has not been differentiated [see e.g. Kolb 
& Turner ( 199C )] . The effective gravitational constant in the 
mutidimensional cosmologies is defined through the multi- 
plication of this four-dimensional value with some volume 
of the inter nal space which could even be infinite [Rainer & 
Zhuk dl99e|) ]. 

There are however cosmological models in higher dimen- 
sion where this picture do not work and one should be cu- 
sious about the value of the coupling co nstan t in dimen- 
sions hi gher t han four[see e.g. C hatte rjee (1992), Chaterjee 



& Bhui (1990), Khorrami, et. al (1995), Khorrami, Mansouri 
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& Mohazzab (1996)]. In fact, Chatterjee (1992), Chaterjee 



& Bhui (I99C) calculate a homogeneous model in a higher 



dimensional gravity using the same 4-dimensional relation 
as in (I). 

We propose to show some deficiencies of this misuse and pro- 
pose a generalization for the gravitational coupling constant 
for any arbitrary dimension. Any definition of a coupling 
constant in higher dimension will influence the time depen- 
dence of G and therfore could have direct observational con- 
Barrow 



sequences; e.g 



Ramero & Melnikov J1995D 



1978), Degl'Innocenti , et.al (1996) 



In this note we confine ourselves to a mere generalization 
of the k, using discrepancies in comparing relativistic and 
Newtonian cosmologies in higher dimensions. It belongs to 
the folklore of the theories of gravitation that their weak 
limit must be the Newtonian theory of Gravitation. More- 
over, on account of the relation (f), there is a Newtonian 
derivation of the FRW cosmologies. We will show that this 
derivation, using the coupling constant (I) is just valid in 
(3 + f )-dimension, and has to be changed for higher diemen- 
sional theories. On account of the Gauss theorem we give a 
generalization of it, which makes the Newtonian derivation 
valid in arbitrary dimensions. 



2 FRIEDMANN MODELS AND NEWTONIAN 
COSMOLOGY IN D DIMENSION 

Consider the following Hilbert-Einstein action in D + 1 di- 
mensional space-time with D as the fixed dimension of 
space: 



So 



1 

2^ 



(D+l) 



i?V —g a x + 



T^g d D+1 x, (2) 



where k is the gravitational constant, again. For simplic- 
ity, we consider the k — FRW model. In an arbitrary 
fix dimension we ontai n the following Friedmann equation, 
(Khorrami, et. o/.f995) 
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which leads to the familiar Friedmann equation in D =3: 

.a. o k 8ttG , 
W =3^=— (4) 
Now, it is well known that the Friedmann equation (Q) can 
be derived from a Newtonian point of view. Taking the New- 
tonian equation of gravitation in D dimension in the usual 
form 



V3 <p = 4irGp, 



(5) 



with cp the gravitational constant and Vd the D dimensional 
V operator, then the corresponding Friedmann equation can 
easily be obtained to be 

8nG 



V D(D-2) 



(6) 



Now, as expected, for D = 3, the familiar relation (^) is 
obtained, assuming the relation (|l|). But, how if D / 3. 
Then one will realise that the agreement between (Q) and 
(|) will fail. 



3 MODIFICATION 

Looking for the roots of the factor 8tt in (1) we come across 
the relation 



Roo = V ip. 



(7) 



Now, the coefficient in the Poisson equation, i.e. 4n has been 
obtained , using Gauss law, for three dimensional space. 
Thus we should first derive the correct coefficient for a D 
dimensinal space. Applying Guass's law for a D dimensional 
volume, we find the Poisson equation for arbitrary fixed di- 
mension, 

On the other hand we get for arbitrary D 
D — 2, 



Roo 



)Kp. 



(8) 



(9) 



A comparison of ([?]), (^), and Q will give us the following 
modified Einstein gravitational constant, 

2iD-lW"»G (1Q) 



KD = 



(D-2)(D/2-l)!' 



The correct form of Friedmann equation in any arbitrary 
fixed dimension is now derived to be 



A-k d ' 2 G 



( a,2 = 

V D(D -2)(D/2-l)\' 



(11) 



As it is easily seen, the above relation is in complete agree- 
ment with its Newtonian counterpart in all dimensions. 



if the results of this note are combined with Kaluza-Klein 
paradigm. The consequences on time variation of G within 
various models is another very interesting cosmological issue 
which is under investigation. 
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4 CONCLUSION 

The dimensional dependence of the gravitational constant 
k may have very different and serious field theoretic and 
astrophysical consequences hitherto unnoticed, ft would be 
interesting, e.g., to see which changes are to be expected 
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